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Abstract
In 1971, Zariski proposed some questions in Theory of Singularities. One of such problems is the so-called,
nowadays, “Zariski’s multiplicity conjecture”. In this work, we consider the version of this conjecture for families.
We answer positively Zariski’s multiplicity conjecture for a special class of non-isolated singularities.
1 Introduction
In 1971, Zariski proposed some questions in Theory of Singularities [38]. One of such problems is the so-called,
nowadays, “Zariski’s multiplicity conjecture”. In this work, we consider the version of this conjecture for families.
More precisely, let g : (Cn, 0)→ (C, 0) be a reduced germ of holomorphic function, V (g) = g−1(0) the corresponding
germ of hypersurface in Cn. Let
G : (Cn × C, {0} × C) → (C, 0)
(z, t) 7→ G(z, t) = Gt(z)
be a deformation of g, that is, G is a germ of holomorphic function such that G0 = g and Gt(0) = 0. The multiplicity
of V (Gt) = G
−1
t (0) at 0 is the number of points of the intersection of V (Gt) with a generic line passing close to the
origin but not through the origin. Denote by m(V (Gt)) the multiplicity of V (Gt) at 0. One says that the family V (Gt)
is equimultiple if, for all t near 0, m(V (Gt)) = m(V (G0)). One says that the family V (Gt) is topologically trivial if,
for all t near 0, there is a germ of homeomorphism ht : (Cn, 0)→ (Cn, 0) such that h(V (Gt)) = V (G0). Now, we can
state:
Conjecture 1.1 (Zariski’s multiplicity conjecture for families) If Gt is topologically trivial, then is it equimultiple?
Almost fifty years later, Conjecture 1.1 is, in general, still unsettled (even for isolated hypersurfaces singularities).
The answer is, nevertheless, known to be yes in several special cases. We cite for example, Zariski in [37], Greuel in
[15], O’Shea in [27], Trotman in [34] and [35]. More recently, we can cite [1], [9], [21], [28], [33] and [36]. We also note
that some important contributions for the non-isolated case of Conjecture 1.1 was were recently given by Eyral and
Ruas in [7] and [8]. In order to know more about this conjecture and a more complete list, see the survey [10].
In this work, we provide a positive answer to Zariski’s multiplicity conjecture for some families of singular surfaces
in C3 with non-isolated singularities under the condition that the family has a smooth normalization. For a family of
surfaces V (Gt) in C3 whose normalization is smooth, we can associate a family of parametrizations ft : (C2, 0)→ (C3, 0)
whose images are V (Gt). In this situation, it follows from [11, Theorem 38] that the A-topological equisingularity of
ft implies that the Milnor numbers of the sets f
−1
t (Σt) remain constant, where Σt is the singular set of V (Gt). The
converse also holds with some additional hypothesis on Gt (see [11, Corollary 39]).
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A particular class of parametrized singular surfaces consists on surfaces which are the image of an A-finitely
determined map germ f : (C2, 0) → (C3, 0). Let F : (C2 × C, 0) → (C3 × C, 0), F (x, y, t) = (ft(x, y), t) be a 1-
parameter unfolding of a finitely determined map germ f : (C2, 0) → (C3, 0). In this case, the family of surfaces
F (C2×C) is topologically trivial if and only if µ(D(ft)) is constant in a neighbourhood of 0, where D(ft) is the double
point curve of ft (see Section 2.1) and µ is the Milnor number of these sets (see [11, Corollary 40] and also [3, Theorem
6.2]). In this context, we can ask the following question:
Question: What kind of conditions do we need on f that imply equimultiplicity of a topologically trivial family
F (C2 × C) ?
In this sense, we prove the following result, which is our first main result:
Theorem 1.2 Let f : (C2, 0)→ (C3, 0) be a finitely determined map germ of corank 1. Write f in the form f(x, y) =
(x, p(x, y), q(x, y)) and suppose that p and q are quasihomogeneous functions such that the weights of the variables are
w(x) = 1 and w(y) = b ≥ 2. Let F = (ft, t) be a 1-parameter unfolding of f . If F is topologically trivial, then F is
Whitney equisingular. In particular, the family F (C2 × C) is equimultiple.
We recall that if a map germ from C2 to C3 has corank 1, then we can always find coordinates in which f takes
the form f(x, y) = (x, p(x, y), q(x, y)) (see for instance [26, Lemma 4.1]).
Let f : (C2, 0)→ (C3, 0) be a finitely determined map germ of corank 1 and F (x, y, t) = (ft(x, y), t) a topologically
trivial 1-parameter unfolding of f . By combining [11, Corollary 40] and [12, Prop. 8.6 and Cor. 8.9] one can conclude
that F is Whitney equisingular (see Definition 4.1) if and only if the multiplicity m(ft(D(ft))) is constant, where
ft(D(ft)) denotes the image of the double point curve of ft (see Section 2.1).
In this way, our technique is to study the irreducible components (branches) of the double point curves D(f) (in
the source) and f(D(f)) (in the target). In [30, Def. 2.4], Ruas and the author introduced the notion of identification
and fold components of D(f). In the case where f is homogeneous and has corank 1, a complete description of these
two kinds of components of D(f) was given in [30, Prop. 6.2]. In Section 3, we extend this result for a particular class
of quasihomogeneous maps (Proposition 3.6).
In Section 4, with the description of the identification and fold components of D(f) given in Proposition 3.6, we
show that in the conditions of Theorem 1.2, each irreducible component of f(D(f)) is smooth. Hence, F is Whitney
equisingular. In particular, F is equimultiple (Theorem 4.4).
Apart from the hypothesis of Theorem 1.2, the situation may be a little more complicated, since F may not be
Whitney equisingular (see [30, Example 5.5]). At this point, we note that the class of topologically trivial unfoldings
of a homogeneous finitely determined map germ f (i.e. when b = 1 in Th. 1.2) was studied recently by Ruas and the
author in [30], and by the author in his PhD. thesis [31], where the first known counter-example to a conjecture by
Ruas [29, p. 120] on the equivalence between Whitney equisingularity and topological triviality was obtained. Also,
we remark that if b = 1 in Theorem 1.2 and the greatest common divisor of the degrees of p and q is different to 2,
then F is also Whitney equisingular (see [30, Theorem 7.2]). In this way, Theorem 1.2 can be sees as an extension of
([30, Theorem 7.2]) for another class of maps where Ruas’s conjecture is true.
In Section 5, we relate the equimultiplicity of a family ft in terms of the Cohen-Macaulay property of a certain
local ring (Lemma 5.2). In sequence, we finished this work showing the following theorem, which is considered our
second main result.
Theorem 1.3 Let f : (C2, 0) → (C3, 0) be a quasihomogeneous and finitely determined map germ of corank 1. Let
F (x, y, t) = (ft(x, y), t) be a topologically trivial 1-parameter unfolding of f . If F is an unfolding of non-decreasing
weights, then the family F (C2 × C) is equimultiple.
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2 Preliminaries
Throughout the paper, given a finite map f : C2 → C3, (x, y) and (X,Y, Z) are used to denote systems of
coordinates in C2 (source) and C3 (target), respectively. Given an 1-parameter unfolding F : C2 × C→ C3 × C of f ,
we call the last coordinate (i.e; the parameter space) in C2 × C and C3 × C by t. Also, C{x1, · · · , xn} ' On denotes
the local ring of convergent power series in n variables.
2.1 Double point spaces
In this section, we describe the sets of double points of a finite map from C2 to C3 following the description given
in [18, Section 2] (and also in [17, Section 1] and [25, Section 3]). Let U ⊂ C2 and V ⊂ C3 be open sets. Throughout
we assume that a map f : U → V is finite, that is, holomorphic, closed and finite-to-one, unless otherwise stated.
Following Mond [25, Section 3], we define spaces related to the double points of a given finite mapping f : U → V ,
by firstly considering the sheaf I2 and I3 defining the diagonal of C2 ×C2 and C3 ×C3, respectively. That is, locally
I2 = 〈x− x′ , y − y′〉 and I3 = 〈X −X ′ , Y − Y ′ , Z − Z ′〉.
Since the pull-back (f×f)∗I3 is contained in I2 and U is small enough, then there exist sections αij ∈ OC2×C2(U×U)
well defined in all U × U , such that
fi(x, y)− fi(x′ , y′) = αi1(x, y, x′ , y′)(x− x′) + αi2(x, y, x′ , y′)(y − y′), for i = 1, 2, 3.
If f(x, y) = f(x
′
, y
′
) and (x, y) 6= (x′ , y′), then every 2×2 minor of the matrix α = (αij) must vanish at (x, y, x′ , y′).
Denote by R(α) the ideal in OC4 generated by the 2× 2 minors of α. Then we have the following definition.
Definition 2.1 The lifting of the double point space of f is the complex space
D2(f) = V ((f × f)∗I3 +R(α)).
Although the ideal R(α) depends on the choice of the coordinate functions of f , in [25, Section 3] it is proved
that the ideal (f × f)∗I3 +R(α) does not, and so D2(f) is well defined. It is not hard to see that the points in the
underlying set of D2(f) are exactly the ones in U × U of type (x, y, x′ , y′) with (x, y) 6= (x′ , y′), f(x, y) = f(x′ , y′)
and of type (x, y, x, y) such that (x, y) is a singular point of f .
Let f : (C2, 0) → (C3, 0) be a finite map germ and denote by I3 and R(α) the stalks at 0 of I3 and R(α). By
taking a representative of f , we define the lifting of the double point space of the map germ f as the complex space
germ D2(f) = V ((f × f)∗I3 +R(α)).
Once the lifting D2(f) ⊂ C2×C2 is defined, we now consider its image D(f) on C2 by the projection pi : C2×C2 →
C2 onto the first factor. The most appropriate structure for D(f) is the one given by the Fitting ideals, because it
relates in a simple way the properties of the spaces D2(f) and D(f).
Another important space to study the topology of f(C2) is the double point curve in the target, that is, the image
of D(f) by f , denoted by f(D(f)), which will also be consider with the structure given by Fitting ideals.
More precisely, given a finite morphism of complex spaces f : X → Y the push-forward f∗OX is a coherent sheaf of
OY−modules (see [14, Chapter 1]) and to it we can (as in [23, Section 1]) associate the Fitting ideal sheaves Fk(f∗OX).
Notice that the support of F0(f∗OX) is just the image f(X). Analogously, if f : (X,x)→ (Y, y) is a finite map germ
then we denote also by Fk(f∗OX) the kth Fitting ideal of OX,x as OY,y−module. In this way, we have the following
definition:
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Definition 2.2 Let f : U → V be a finite mapping.
(a) Let pi|D2(f) : D2(f) ⊂ U × U → U be the restriction to D2(f) of the projection pi. The double point space is the
complex space
D(f) = V (F0(pi∗OD2(f))).
Set theoretically we have the equality D(f) = pi(D2(f)).
(b) The double point space in the target is the complex space f(D(f)) = V (F1(f∗O2)). Notice that the underlying set
of f(D(f)) is the image of D(f) by f .
(c) Given a finite map germ f : (C2, 0) → (C3, 0), the germ of the double point space is the germ of complex space
D(f) = V (F0(pi∗OD2(f))). The germ of the double point space in the target is the germ of the complex space f(D(f)) =
V (F1(f∗O2)).
Remark 2.3 If f : U ⊂ C2 → V ⊂ C3 is finite and generically 1-to-1, then D2(f) is Cohen-Macaulay and has
dimension 1 (see [18, Prop. 2.1 ]). Hence, D2(f), D(f) and f(D(f)) are curves. In this case, without any confusion,
we also call these complex spaces by the “lifting of the double point curve”, the “double point curve” and the “image
of the double point curve”, respectively.
2.2 Finite Determinacy
Definition 2.4 (a) Two map germs f, g : (C2, 0) → (C3, 0) are A-equivalent, denoted by g ∼A f , if there exist map
germs of diffeomorphisms η : (C2, 0)→ (C2, 0) and ξ : (C3, 0)→ (C3, 0), such that g = ξ ◦ f ◦ η.
(b) f : (C2, 0)→ (C3, 0) is finitely determined (A-finitely determined) if there exists a positive integer k such that for
any g with k-jets satisfying jkg(0) = jkf(0) we have g ∼A f .
Remark 2.5 Consider a finite map germ f : (C2, 0) → (C3, 0). By Mather-Gaffney criterion ([39, Theorem 2.1 ]),
f is finitely determined if and only if there is a finite representative f : U → V , where U ⊂ C2, V ⊂ C3 are open
neighbourhoods of the origin, such that f−1(0) = {0} and the restriction f : U \ {0} → V \ {0} is stable.
This means that the only singularities of f on U \ {0} are cross-caps (or Whitney umbrellas), transverse double
and triple points. By shrinking U if necessary, we can assume that there are no cross-caps nor triple points in U .
Then, since we are in the nice dimensions of Mather ( [19, p. 208 ]), we can take a stabilization of f , F : U ×D → C4,
F (z, s) = (fs(z), s) where D is a neighbourhood of 0 in C. It is known that the number T (f) := ] of triple points of
fs, for s 6= 0 and the number C(f) := ] of cross-caps of fs, are analytic invariants of f and can be computed as ( [23,
Th. 4.3 ] and [25, Section 2]):
T (f) = dimC
O3
F2(f∗O2) , C(f) = dimC
O2
J(f)
where J(f) is the ramification ideal of f . These numbers are finite, provided that f is finitely determined.
We note that the set D(f) plays a fundamental role in the study of the finite determinacy. In [17, Theorem 2.14],
Marar and Mond presented necessary and sufficient conditions for a map germ f : (Cn, 0) → (Cp, 0) with corank
1 to be finitely determined in terms of the dimensions of D2(f) and other multiple points spaces. In [18], Marar,
Nun˜o-Ballesteros and Pen˜afort-Sanchis extended in some way this criterion of finite determinacy to the corank 2 case.
More precisely, they proved the following result:
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Theorem 2.6 ([18, Corollary 3.5]) Let f : (C2, 0)→ (C3, 0) be a finite and generically 1 − 1 map germ. Then f is
finitely determined if and only if µ(D(f)) is finite (equivalently, D(f) is a reduced curve).
3 Identification and fold components of D(f)
When f : (C2, 0) → (C3, 0) is finitely determined, the restriction of (a representative) f to D(f) is finite. In this
case, f|D(f) is generically 2-to-1 (i.e; 2-to-1 except at 0). On the other hand, the restriction of f to an irreducible
component D(f)i of D(f) can be generically 1-to-1 or 2-to-1. This motivates us to give the following definition which
is from [31, Definition 4.1] (see also [30, Definition 2.4]).
Definition 3.1 Let f : (C2, 0)→ (C3, 0) be a finitely determined map germ. Let f : U → V be a representative, where
U and V are neighbourhoods of 0 in C2 and C3, respectively, and consider an irreducible component D(f)j of D(f).
(a) If the restriction f|D(f)j : D(f)
j → V is generically 1 − 1, we say that D(f)j is an identification component of
D(f).
In this case, there exists an irreducible component D(f)i of D(f), with i 6= j, such that f(D(f)j) = f(D(f)i).
We say that D(f)i is the associated identification component to D(f)j or that the pair (D(f)j , D(f)i) is a pair of
identification components of D(f).
(b) If the restriction f|D(f)j : D(f)
j → V is generically 2 − 1, we say that D(f)j is a fold component of D(f).
The following example illustrates the two types of irreducible components of D(f) presented in Definition 3.1.
Example 3.2 Let f(x, y) = (x, y2, xy3 − x5y) be the singularity C5 of Mond’s list ([25, p. 378]). In this case,
D(f) = V (xy2 − x5). Then D(f) has three irreducible components given by
D(f)1 = V (x2 − y), D(f)2 = V (x2 + y) and D(f)3 = V (x).
Notice that D(f)3 is a fold component and (D(f)1, D(f)2) is a pair of identification components. Also, we have
that f(D(f)3) = V (X,Z) and f(D(f)1) = f(D(f)2) = V (Y −X4, Z) (see Figure 1).
Figure 1: Identification and fold components of D(f) (real points)
Remark 3.3 To compute D(f) and f(D(f)), one can use Mond-Pellikaan’s algorithm [23, Section 2 ] to find pre-
sentation matrices. For the computations in Example 3.2, we have made use of the software Singular [6] and the
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implementation of Mond-Pellikaan’s algorithm given by Hernandes, Miranda, and Pen˜afort-Sanchis in [16]. At the
webpage of Miranda [22] one can find a Singular library to compute presentation matrices based on the results of [16].
We also have made use of the software Surfer [32].
We recall that a polynomial p(x1, · · · , xn) is quasihomogeneous if there are positive integers w1, · · · , wn, with no
common factor and an integer d such that p(kw1x1, · · · , kwnxx) = kdp(x1, · · · , xn). The number wi is called the weight
of the variable xi and d is called the weighted degree of p. In this case, we say p is of type (d;w1, · · · , wn).
This definition extends to polynomial map germs f : (Cn, 0)→ (Cp, 0) by just requiring each coordinate function fi
to be quasihomogeneous of type (di;w1, · · · , wn). In particular, we say that f : (C2, 0)→ (C3, 0) is quasihomogeneous
of type (d1, d2, d3;w1, w2).
Remark 3.4 Choose an integer b. Note that g(x, y) = (x, y2, xy) can be considered as a quasihomogeneous map germ
of type (1, 2b, b+ 1; 1, b). To avoid any confusion, in this work we consider g of type (1, 2, 2; 1, 1), that is, b = 1.
Given a finitely determined map germ f : (C2, 0) → (C3, 0), a natural question is: how many identification and
fold components does the curve D(f) have?
In the case where f(x, y) = (x, p(x, y), q(x, y)) is homogeneous, Ruas and the author presented in [30, Proposition
6.2] an answer to this question in terms of the degrees of p and q. In other words, [30, Proposition 6.2] give us an
answer for the class of quasihomogeneous maps of type (1, d2, d3; 1, 1). In Proposition 3.6, we extend this result for
quasihomogeneous maps of type (1, d2, d3; 1, w2), with w2 ≥ 1.
Lemma 3.5 Let f : (C2, 0) → (C3, 0) be a finitely determined map germ of corank 1. Write f in the form
f(x, y) = (x, p(x, y), q(x, y)) and suppose that p and q are quasihomogeneous functions of types (d2; 1, b) and (d3; 1, b),
respectively, with b ≥ 1. Let f : U →W a small representative. Then
(a) D(f) = V (λ(x, y)), where λ is a quasihomogeneous polynomial of type (d; 1, b) where d =
d2d3
b
− d2 − d3 + b.
Furthermore, b divides d2 or d3.
(b) The polynomial λ can take the following forms:
(I) λ(x, y) =
d/b∏
i=1
(y − αixb), (II) λ(x, y) = x
 d−1b∏
i=1
(y − αixb)
 or (III) λ(x, y) = x,
where α1, · · · , αd/b (respectively, α1, · · · , α(d−1)/b) are all distinct in (I) (respectively in (II)).
(c) Let Cα := V (y − αxb) and C := V (x) be plane curves, with α ∈ C. If Cα ⊂ D(f) (respectively C ⊂ D(f)), then
Cα is an identification component of D(f) (respectively, C is a fold component of D(f)).
Proof. The first part of (a) is proved in [24, Prop. 1.15]. We have that V (F2(f∗O2)) is zero dimensional by Remark
2.5, thus it follows by [24, Lemma 1.13] that b divides d2 or d3.
(b) By (a) we have that D(f) = V (λ(x, y)), where λ(x, y) is a quasihomogeneous polynomial of type (1, b; d). It is not
hard to see that the only irreducible quasihomogeneous polynomials in C[x, y] with weights w(x) = 1 and w(y) = b
are x, y and y − γxb, with 0 6= γ ∈ C. Since the ring of polynomials C[x, y] is an unique factorization domain, each
irreducible factor of λ is on the form x or y− γxb (with γ not necessarily non-zero). Since f is finitely determined, by
Theorem 2.6 λ is reduced, that is, the factors of λ are all distinct. So the function λ can take the following forms:
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(I) λ(x, y) =
r1∏
i=1
(y − αixb), (II) λ(x, y) = x
(
r2∏
i=1
(y − αixb)
)
or (III) λ(x, y) = x,
where α1, · · · , αr1 (respectively, α1, · · · , αr2) are all distinct in (I) (respectively in (II)). Now, since λ is quasihomoge-
neous of type (1, b; d), thus r1 = d/b and r2 = (d− 1)/b.
(c) Consider the parametrizations ϕα, ϕ : W → U ⊂ C2 of Cα and C , defined by ϕα(u) = (u, αub) and ϕ(u) := (0, u),
respectively, where W is a neighborhood of 0 ∈ C. Note that f ◦ϕα = (u, p(u, αub), q(u, αub)) is 1-to-1. Thus if Cα ⊂
D(f) then Cα is an identification component of D(f). On the other hand, note that f ◦ ϕ = (0, p(0, αub), q(0, αub)),
thus f(Cα) 6= f(C ) for all α ∈ C. Hence, if C ⊂ D(f) then C necessarily is a fold component of D(f).
Now, we present the main result of this section.
Proposition 3.6 Let f, b, d2, d3 and λ be as in Lemma 3.5.
(a) λ can be written in the form (III) (ie; λ(x, y) = x) if and only if f is A-equivalent to g(x, y) = (x, y2, xy). In this
case V (x) is a fold component of D(f), which is irreducible.
(b) Suppose that b is odd.
(b.1) λ can be written in the form (I) if and only if d2 or d3 is odd. In this case, D(f) has d/b identification
components and there are no fold components.
(b.2) λ can be written in the form (II) if and only if d2 and d3 are both even and d 6= 1. In this case, D(f) has
(d− 1)/b identification components and V (x) is the only fold component of D(f).
(c) Suppose that b is even. In this case, either d2 is even or d3 is even.
(c.1) λ can be written in the form (I) if and only if d2 and d3 are both even. In this case, D(f) has d/b identification
components and there are no fold components.
(c.2) λ can be written in the form (II) if and only if d2 and d3 have different parity and d 6= 1. In this case, D(f)
has (d− 1)/b identification components and V (x) is the only fold component of D(f).
Proof. (a) Consider the map germ g(x, y) = (x, y2, xy). Note that D(g) = V (x). On the other hand, suppose
that D(f) = V (x), thus µ(D(f)) = 0. By [17, Theorem 3.4] (where D(f) and D2(f) are denoted by D2(f) and
D˜2(f), respectively), we have that µ(D2(f)) = 0, so D2(f) is a smooth curve. Hence f is stable by [17, Proposi-
tion 2.14]. It is well known that the only stable map germ from C2 to C3 is g (up A-equivalence), it follows that f ∼A g.
We recall also that the number of identification components of D(f) is always even, thus by Lemma 3.5 (c) we
have that:
Fact 1: λ can be written in the form (I) if and only if d is even.
Fact 2: λ can be written in the form (II) if and only if d is odd and d 6= 1.
In order to prove (b) and (c), we have also the obvious fact:
Fact 3: λ can be written in the form (III) if and only if d = 1.
(b) By Prop. 3.6 (a), we have that b divides d2 or d3. Without loss of generality we can assume that b divides d2 and
set d2 = nb. Thus it easy to see that d = nd3 − nb − d3 + b is odd if and only if n and d3 are both even. Since b is
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odd, d2 is even if and only if n is even. Thus, d is odd if and only if d2 and d3 are both even. Now, the statements
(b.1) and (b.2) follows by Facts (I) and (II).
(c) By Prop. 3.6 (a), we have that b divides d2 or d3. Suppose first that b divides d2 and set d2 = nb, in particular,
d2 is even. Thus we have the following cases illustrated in Table 1:
Table 1: Cases of parity
Case d2 n d3 d = nd3 − nb− d3 + b
Case (1) even even even even
Case (2) even even odd odd
Case (3) even odd even even
Case (4) even odd odd even
Thus d is odd if and only if (d2 is even), n is even and d3 is odd. We affirm the following:
Statement: There is no finitely determined map germ f in the conditions of the case (4).
Proof of the Statement: Since d is even, by Lemma 3.5 (c) we have that each irreducible component of D(f) is an
identification component. Write f in the form
f(x, y) = (x , xp˜(x, y) + αyn , xq˜(x, y) + βym)
that is, p(x, y) = xp˜(x, y)+αyn and q(x, y) = xq˜(x, y)+βym. Notice that α 6= 0 or β 6= 0, otherwise f is not finite. We
can suppose that 2 ≤ n,m, otherwise corank(f) = 0. Consider the curve C = V (x) and the following parametrization
ϕ(u) = (0, u) of C . Note that (f ◦ϕ)(u) = (0, αyn, βym). Since D(f) has no fold components, C is not an irreducible
component of D(f). Since f is 1-to-1 outside D(f), f ◦ ϕ is 1-to-1. This implies that β 6= 0 (and gcd(n,m) = 1).
Since β 6= 0, we have that d3 = mb which is even, a contradiction.
Thus, since the case (4) does not occurs, we have that:
(1) d is odd if and only if (d2 is even) and d3 is odd.
(2) d is even if and only if (d2 is even) and d3 is even.
In a similar way, if we suppose that b divides d3, we conclude that
(1) d is odd if and only if (d3 is even) and d2 is odd.
(2) d is even if and only if (d3 is even) and d2 is even.
Now, the statements (c.1) and (c.2) follows by Facts (I), (II) and (III). Finally, we remark that the statement on
the number of identification and fold components in (b.1), (b.2), (c.1) and (c.2) follows by Lemma 3.5 (c).
Example 3.7 Consider f(x, y) = (x, y2, xy3 − x5y) the map germ of Example 3.2. Note that f is quasihomogeneous
of type (1, 4, 7; 1, 2). By Proposition 3.6 (c.2) we conclude that D(f) has two identification components and V (x) is
the only fold component, exactly according to what we present in Example 3.2.
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4 Equisingularity in families of map germs
Let f : (C2, 0)→ (C3, 0) be a finitely determined map germ. Let F : (C2 × C, 0)→ (C3 × C, 0) be a 1-parameter
unfolding of f defined by F (x, t) = (ft(x), t). We assume that the origin is preserved, that is, ft(0) = 0 for all t.
As in [3, Section 4], in a similar way we can also define the double point space D2(F ) of F , which in this work, is
considered as a family of curves in (C2×C2×C, 0) (instead of (C3×C3, 0)). We consider also the other double point
spaces D(F ) in (C2 × C, 0) and F (D(F )) in (C3 × C, 0) (again both as families of curves).
Consider a small representative F : U × T → V × T of F , where U × T , V × T and T are neighborhoods of 0 in
C2 ×C, C3 ×C and C, respectively. Gaffney defined in [12, Def. 6.2] the excellent unfoldings. An excellent unfolding
has a natural stratification whose strata in the complement of the parameter space T are the stable types in source
and target. In our case, the strata in the source are the following:
{U × T \D(F ), D(F ) \ T, T}. (1)
where D(F ) denotes the set of double point space of F (the representative of the germ F ). In the target, the strata
are
{V × T \ F (U × T ), F (U × T ) \ F (D(F )), F (D(F )) \ T, T}. (2)
Notice that F preserves the stratification, that is, F sends a stratum into a stratum.
Definition 4.1 Let F : (C2 × C, 0) → (C3 × C, 0) be a 1-parameter unfolding of a finitely determined map germ
f : (C2, 0)→ (C3, 0).
(a) We say that F is topologically trivial if there are germs of homeomorphisms:
Φ : (C2 × C, 0)→ (C2 × C, 0), Φ(x, t) = (φt(x), t), φ0(x) = x, φt(0) = 0
Ψ : (C3 × C, 0)→ (C3 × C, 0), Ψ(x, t) = (ψt(x), t), ψ0(x) = x, ψt(0) = 0
such that I = Ψ−1 ◦ F ◦ Φ, where I(x, t) = (f(x), t) is the trivial unfolding of f .
(b) We say that F is Whitney equisingular if there is a representative of F such that the stratifications in (1) and (2)
are Whitney regular along T .
Remark 4.2 (a) We have that the projections of pi1 : D(F ) → T and pi2 : F (D(F )) → T into the parameter space
T are flat deformations of D(f) and f(D(f)) (see [18, Lemma 4.2 ]), that is, D(F ) and F (D(F )) are flat families of
reduced curves in the sense of [2, Section 5 ].
(b) Suppose that F is topologically trivial. Since the representatives of the germs of homeomorphisms Φ and Ψ (in Def.
4.1(a)) must preserve the double point curves, then D(F ) and F (D(F )) are topologically trivial families of curves, that
is, there are homeomorphisms
Φ : D(F )→ D(f)× T and Ψ : F (D(F ))→ f(D(f))× T ,
with pi
′
1 ◦Φ = pi1 and pi
′
2 ◦Ψ = pi2, where p
′
1 and p
′
2 are the canonical projections on the second factor of D(f)×T and
f(D(f))× T , respectively.
(c) By Thom’s second isotopy lemma for complex analytic maps ( [13, Th. 5.2 ]), every unfolding F of f which is
Whitney equisingular is also topologically trivial. However, we know that the converse is not true in general (see [30,
Section 5]).
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The following theorem characterizes Whitney equisingularity (in corank 1 case) and topological triviality.
Theorem 4.3 Let F : (C2 × C, 0) → (C3 × C, 0) be a 1-parameter unfolding of a finitely determined map germ
f : (C2, 0)→ (C3, 0). Then:
(a) F is topologically trivial if and only if µ(D(ft)) is constant.
(b) If f has corank 1, then F is Whitney equisingular if and only if µ(D(ft)) and m(ft(D(ft))) are constant.
Theorem 4.3 (a) is proved in [11, Corollary 32] (see also [3, Theorem 6.2]). Theorem 4.3 (b) is proved in [12, Corol-
lary 8.9], although it is stated there in terms of the invariant eD(ft) = µ(D(ft)) + 2m(ft(D(ft)))− 1. In [12, Th. 8.7]
and [18, Th. 5.3] the reader can find characterizations of Whitney equisingularity which also include the corank 2 case.
Now, we present the main result of this section which is an application of Proposition 3.6 and Lemma 3.5.
Theorem 4.4 Let f : (C2, 0)→ (C3, 0) be a finitely determined map germ of corank 1. Write f in the form f(x, y) =
(x, p(x, y), q(x, y)) and suppose that p and q are quasihomogeneous functions such that the weights of the variables are
w(x) = 1 and w(y) = b ≥ 2. Let F = (ft, t) be a 1-parameter unfolding of f . If F is topologically trivial, then F is
Whitney equisingular. In particular, the family F (C2 × C) is equimultiple.
Proof. Note that if ϕ(u) = (um, ϕ2(u), ϕ3(u)) is a Puiseux parametrization (see [4, p. 98]) of a reduced curve in C3,
then its multiplicity is m. We have that D(f) is a reduced curve, by Theorem 2.6. Thus f(D(f)) is also a reduced
curve, by [18, Th. 4.3]. By [30, Lemma 7.1], it is sufficient to prove that the image of each irreducible component of
f(D(f)) has multiplicity 1. Hence, to calculate the multiplicity of the image of each irreducible component of D(f),
it is enough to find its parametrizations.
By Lemma 3.5, we have that the irreducible components of D(f) are given by either V (x) or V (y − αxb), with
α ∈ C. As in Lemma 3.5 (c), consider the curves Cα := V (y − αxb) and C := V (x). Consider the Puiseux
parametrizations ϕα(u) := (u, αu
b) and ϕ(u) := (0, u) of Cα and C , respectively. Suppose that Cα ⊂ D(f). Note that
f ◦ ϕα(u) = (u, p(u, αub), q(u, αub)) is a Puiseux parametrization of f(Cα). Thus, the multiplicity of f(Cα) is 1 and
thus f(Cα) is smooth.
Suppose now that C ⊂ D(f). We have to show that f(C ) is a smooth curve. By Lemma 3.5 (c), we have that C
is a fold component of D(f). Write f in the form
f(x, y) = (x , xp˜(x, y) + αyn , xq˜(x, y) + βym)
that is, p(x, y) = xp˜(x, y) + αyn and q(x, y) = xq˜(x, y) + βym. Note that α 6= 0 or β 6= 0 and 2 ≤ n,m. Hence, we
have three cases:
Case (1) f ◦ ϕ(u) = (0, αun, 0), if α 6= 0 and β = 0.
Case (2) f ◦ ϕ(u) = (0, 0, βum), if α = 0 and β 6= 0.
Case (3) f ◦ ϕ(u) = (0, αun, βum), if α 6= 0 and β 6= 0.
Let’s look at each case.
Case (1): We have that f ◦ϕ(u) = (0, αun, 0) is generically n−to−1. Since C is a fold component of D(f), thus n = 2.
Case (2): This case is analogous to the previous one.
Notice that in the case (1) (respectively, case (2)) the map ϕ˜ : W → V defined by ϕ˜(u) := (0, αu, 0) (respectively,
ϕ˜(u) := (0, 0, βu)) is a Puiseux parametrization of f(C ). So, we have that f(C ) has multiplicity 1 in the cases (1)
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and (2), thus it is smooth in both cases.
Case (3): Note that d2 = bn and d3 = bm, where d2, d3 are the weighted degrees of p and q. Thus, D(f) = V (λ(x, y)),
where λ has weighted degree equal to d = bnm− bn− bm+ b. Let’s split this case into two parts.
Part 1: Suppose that b is odd. We affirm that:
Statement: If b ≥ 3, then f is not finitely determined.
Proof of the Statement : Note that λ can be written in the form (II) of Lemma 3.5. Since the weighted degree of x
is 1, it follows that d is congruent to 1 modulo b. The hypothesis that b ≥ 3 implies that 0 and 1 are not congruent
modulo b (this happens just in the case where b = 1). We have that d = b(nm− n−m+ 1), thus d is congruent to 0
modulo b, a contradiction.
Part 2: Suppose that b is even. By Prop. 3.6 (c), we have that d2 and d3 have different parity. Suppose that
α, β 6= 0. Thus b2 = bn and b3 = bm which are both even. Hence we have that either α = 0 or β = 0. Now, we
proceed as in case (1) and conclude that f(C ) is smooth.
5 Equimultiplicity of families of map germs
We start with two technical lemmas which will be useful to prove the main result of this section.
Lemma 5.1 Let f : (C2, 0)→ (C3, 0) be a finitely determined map germ. Let F (x, y, t) = (ft(x, y), t) be a 1-parameter
unfolding of f which is topologically trivial. Consider a small representative F : U × T → V × T of F , where U × T ,
V × T and T are neighborhood of 0 in C2 ×C, C3 ×C and C, respectively. Then F−1({(0, 0, 0)} × T ) = {(0, 0)× T}.
Proof. The proof is consequence of part of the proof of [12, Theorem 8.7]. So, we proceed as in the proof [12, Th.
8.7] and include the proof for completeness.
Since F is topologically trivial, by Theorem 4.3 we have that µ(D(ft)) is constant. By [18, Theorem 4.3] and the
fact that the invariants µ(D(f)), µ(f(D(f)), C(f) and T (f) are upper semicontinuos we also conclude that C(ft) and
T (ft) are constant.
Suppose that F−1({(0, 0, 0)} × T ) 6= {(0, 0) × T} on any neighborhood of (0, 0) in C2 × C. If the points of
F−1({(0, 0, 0)}×T ) lie in the ramification set Σ(F ), then C(ft) must change at the origin so we can assume that they
lie in F−1({(0, 0, 0)} × T ) \ ({(0, 0)× T} ∪ Σ(F )).
Let x = (x0, y0, t0) be a point in F
−1({(0, 0, 0)}×T )\ ({(0, 0)×T}∪Σ(F )) and let U0 and Ux be neighborhoods of
0 = (0, 0, t0) and x, respectively, such that U0, Ux ⊂ U ×{t0}. Consider the images ft(U0) and ft(Ux). By hypothesis,
we have that f(0) = f(x). Note that the intersection ft(U0) ∩ ft(Ux) cannot be 2-dimensional, otherwise D(ft) is
2-dimensional and ft is not finitely determined. Hence f would not be finitely determined if this held for all t close to
zero. So, ft(U0) ∩ ft(Ux) is a curve. If ft(U0) ∩ ft(Ux) lies in the singular set of ft(U0) then the set of triple points is
at least one dimensional, hence f would not be finitely determined if this held for all t close to zero. Finally, if ft(Ux)
meets the singular set of ft(U0) properly, then x should be a singular point D(ft), hence µ(D(ft)) must jump at 0.
The following result shows us how we can relate the equimultiplicity of a family ft in terms of the Cohen-Macaulay
property of a certain local ring. In the sequel, as in [20, p. 12, 107, 20], l(R), e(q,A) and Ap denotes the length of the
0-dimensional local ring R, the Hilbert-Samuel multiplicity of the ideal q in the local ring A and the localization of A
in the prime ideal p, respectively. As before, m(ft(C2)) denotes the multiplicity of ft(C2) at 0.
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Lemma 5.2 Let f : (C2, 0) → (C3, 0) be a finitely determined map germ with corank 1. Let F (x, y, t) = (ft(x, y), t)
be a 1-parameter unfolding of f . Then
(a) the ideal 〈t〉 in C{x, y, t}/〈F ∗(X), F ∗(Y ), F ∗(Z)〉 is a parameter ideal and
m(f(C2)) = l
(
C{x, y, t}
〈F ∗(X), F ∗(Y ), F ∗(Z), t〉
)
and m(ft(C2)) = e
(
〈t〉, C{x, y, t}〈F ∗(X), F ∗(Y ), F ∗(Z)〉
)
for t 6= 0.
where F ∗ : C{X,Y, Z, t} → C{x, y, t} denotes the morphism of local rings associated to F .
(b) m(ft(C2)) is constant if and only if C{x, y, t}/〈F ∗(X), F ∗(Y ), F ∗(Z)〉 is a Cohen-Macaulay ring.
Where (x, y, t) are the coordinates of C2 × C and (X,Y, Z, t) are the coordinates of C3 × C.
Proof. Consider a small representative F : U × T → V × T of F , where U × T , V × T and T are neighborhood of 0
in C2 × C, C3 × C and C, respectively.
(a) Since F is topologically trivial, by Lemma 5.1 we have that V (〈F ∗(X), F ∗(Y ), F ∗(Z)〉)∩U × T = (0, 0)× T in
the source. Thus, we have the following equality between ideals√〈F ∗(X), F ∗(Y ), F ∗(Z)〉C{x, y} = 〈x, y〉C{x, y},
and therefore xn, ym ∈ 〈F ∗(X), F ∗(Y ), F ∗(Z)〉 for some n,m ∈ N. Therefore,
√〈t〉( C{x, y, t}〈F ∗(X), F ∗(Y ), F ∗(Z)〉
)
= 〈x, y, t〉
(
C{x, y, t}
〈F ∗(X), F ∗(Y ), F ∗(Z)〉
)
and therefore t is a parameter in C{x, y, t}/〈F ∗(X), F ∗(Y ), F ∗(Z)〉 (in the sense of [20, Ch. 14]). Since f is finitely
determined, f is the normalization of its image f(C2), thus (see for instance [12, p. 210]) we have that:
m(f(C2)) = e(〈f∗(X), f∗(Y ), f∗(Z)〉,C{x, y}). (3)
Since f has corank 1, thus 〈f∗(X), f∗(Y ), f∗(Z)〉C{x, y} = 〈x, yk〉C{x, y} for some k, therefore
e(〈f∗(X), f∗(Y ), f∗(Z)〉,C{x, y}) = e(〈x, yk〉,C{x, y}) = l
(
C{x, y}
〈x, yk〉
)
= l
(
C{x, y, t}
〈F ∗(X), F ∗(Y ), F ∗(Z), t〉
)
, (4)
it follows by (3) and (4) the first equality of (a). Since f has corank 1, we can write f(x, y) = (x, p(x, y), q(x, y)).
Now, write
ft(x, y) = (x+ h1(x, y, t), p(x, y) + h2(x, y, t), q(x, y) + h3(x, y, t)) (5)
Since F is has also corank 1, after a change of coordinates we can assume that h1 = 0 in (5). Since ft is birrational
over its image, we have that
m(ft(C2)) = e(〈f∗t (X), f∗t (Y ), f∗t (Z)〉,C{x, y}) = e(〈x, ys〉,C{x, y}) =
= l
(
C{x, y}
〈x, ys〉
)
= l
( C{x, y, t}〈x,y〉
〈F ∗(X), F ∗(Y ), F ∗(Z)〉
)
= e
(
〈t〉, C{x, y, t}〈F ∗(X), F ∗(Y ), F ∗(Z)〉
)
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for some s ≥ 1, where the last equality follows by [20, Th. 14.7].
(b) Since the ideal 〈t〉 is a parameter ideal, by (a) and [20, Th. 17.11] we have that C{x, y, t}/〈F ∗(X,Y, Z)〉 is
Cohen-Macaulay if and only if
l
(
C{x, y, t}
〈F ∗(X), F ∗(Y ), F ∗(Z), t〉
)
= e
(
〈t〉, C{x, y, t}〈F ∗(X), F ∗(Y ), F ∗(Z)〉
)
,
if and only if m(f(C2)) = m(ft(C2)), for all t.
As an application of Lemma 5.2, we present the following theorem.
Theorem 5.3 Let f : (C2, 0) → (C3, 0) be a quasihomogeneous and finitely determined map germ of corank 1. Let
F (x, y, t) = (ft(x, y), t) be a topologically trivial 1-parameter unfolding of f . If F is an unfolding of non-decreasing
weights, then the family F (C2 × C) is equimultiple.
Proof. Write f in the form
f(x, y) = (x , xp˜(x, y) + αyn , xq˜(x, y) + βym)
Note that α 6= 0 or β 6= 0, otherwise f is not finite. As in the proof of Lemma 5.2, we can write F in the following
form:
F (x, y, t) = ( x , p˜(x, y) + αyn + h(x, y, t) , q˜(x, y) + βym + g(x, y, t) , t ),
where h(0, 0, t) = g(0, 0, t) = 0. Since F is an unfolding of non-decreasing weights, we can write
h(0, y, t) = h0(t)y
r + h1(t)y
r+1 + · · · and g(0, y, t) = g0(t)ys + g1(t)ys+1 + · · · ,
where h0(t), g0(t) are not identically the zero function, n 6 r and also m 6 s. So, we have that:
C{x, y, t}
〈F ∗(X), F ∗(Y ), F ∗(Z)〉 '
C{y, t}
〈αyn + h0(t)yr + h1(t)yr+1 + · · · , βym + g0(t)ys + g1(t)ys+1 + · · · 〉
We can suppose that 2 6 n 6 m. Hence, we have three cases:
Case 1: Suppose that α 6= 0 and β = 0. Since that (α + h0(t)yr−n + h1(t)yr+1−n + · · · ) is an invertible element in
C{y, t} and n 6 s we have that
C{x, y, t}
〈F ∗(X), F ∗(Y ), F ∗(Z)〉 '
C{y, t}
〈yn〉 ,
which is a Cohen-Macaulay ring.
Case 2: Suppose that α 6= 0 and β 6= 0. As in the previous case, we conclude that C{x, y, t}/〈F ∗(X), F ∗(Y ), F ∗(Z)〉
is a Cohen-Macaulay ring.
Case 3: Suppose that α = 0 and β 6= 0. Denote by (C , 0) the germ of curve defined by (C , 0) = V (x) in U ⊂ C2. Note
that the restriction of f to C is m-to-1, thus m = 1 or m = 2. Since we made the assumption that m ≥ 2, the only
option is m = 2. If r = 1, ft is an immersion, so ft(C2) is smooth and it has multiplicity 1. We have that f(C2) and
ft(C2) are topologically equivalent, so m(f(C2)) = 1 (see for instance [10, Th 3.4]). On the other hand, f has corank
1, and therefore m(f(C2)) > 1, a contradiction. Hence, we have that r ≥ 2. Since β + (g0(t) + g1(t)y + g2(t)y2 + · · · )
is an invertible element in C{y, t} and r ≥ 2, we have that:
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C{x, y, t}
〈F ∗(X), F ∗(Y ), F ∗(Z)〉 '
C{y, t}
〈y2〉 ,
which is also a Cohen-Macaulay ring.
Now, since C{x, y, t}/F ∗(X,Y, Z) is a Cohen-Macaulay ring in all cases, F is equimultiple, by Lemma 5.2 (b).
We finish this work with some final remarks.
Remark 5.4 (a) We remark that by a result of Damon ([5, Corollary 1 ]), every unfolding of non-decreasing weights
is topologically trivial. An interesting question is: in the case of a quasihomogeneous finitely determined map germ
f : (Cn, 0)→ (Cn+1, 0), an unfolding F of f is topologically trivial if and only if we can choose a system of coordinates
such that F is of non-decreasing weights?
(b) The difficulty to extend Theorem 5.3 without any hypothesis on the corank of f is that if f has corank 2, then Lemma
5.2 (a) is not more true. In fact, from [18, Example 5.4] consider the corank 2 map germ f(x, y) = (x2, y2, x3+y3+xy)
and the unfolding F = (ft(x, y), t) of f where ft is defined as
ft(x, y) = (x
2, y2, x3 + y3 + xy + tx3y + txy3).
In [18], Marar, Nun˜o-Ballesteros and Pen˜afort-Sanchis showed that the unfolding F is Whitney equisingular, in par-
ticular, F is topologically trivial. Now, we have that
4 = m(f(C2)) 6= l
(
C{x, y, t}
〈x2, y2, x3 + y3 + xy + tx3y + txy3, t〉
)
= 3 and
4 = m(ft(C2)) 6= e
(
〈t〉, C{x, y, t}〈x2, y2, x3 + y3 + xy + tx3y + txy3〉
)
= 3 for t 6= 0.
However, note that C{x, y, t}/〈x2, y2, x3 + y3 + xy + tx3y + txy3〉 is a Cohen-Macaulay ring.
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